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Abstract. The generalized Cartan type S Lie algebras in char with the Lie 
bialgebra structures involved are quantized, where the Drinfel'd twist we used 
is proved to be a variation of the Jordanian twist. As the passage from char to 
char p, their quantization integral forms are given. By the modular reduction 
and base changes, we obtain certain quantizations of the restricted universal 
enveloping algebra u(S(n; 1^)) (for the Cartan type simple modular restricted 
Lie algebra S(n;]^) of S type). They are new Hopf algebras of truncated p- 
polynomial noncommutative and noncocommutative deformation of dimension 
pl+(n-l)(p —1)^ which contain the well-known Radford algebra ( 1181 ) as a 
Hopf subalgebra. As a by-product, we also get some Jordanian quantizations 
for sin, which are induced from those horizontal quantizations of S(?i; ]^). 



In Hopf algebra or quantum group theory, two standard methods to construct 
new bialgebras from old ones are by twisting the product by a 2-cocycle but keep- 
ing the coproduct unchanged, and by twisting the coproduct by a Drinfel'd twist 
but preserving the product. Constructing quantizations of Lie bialgebras is an 
important approach to producing new quantum groups (see [4l [8] and references 
therein). In papers [6l \7\, Etingof-Kazhdan showed the existence of a universal 
quantization for Lie bialgebras by constructing a quantization functor. Enriquez- 
Halbout showed that any coboundary Lie bialgebra, in principle, can be quantized 
via a certain Etingof-Kazhdan quantization functor (see [5]). The Lie bialgebras 
they considered (including finite- and infinite-dimensional ones) are those classes of 
the Lie algebras defined by generalized Cartan matrices. However, for another im- 
portant class of the Cartan type Lie algebras defined by differential operators, they 
are lack of adequate attention in the literature. In 2004, Grunspan [11] obtained 
the quantization of the (infinite-dimensional) Witt algebra W in characteristic 
using the twist found by Giaquinto-Zhang ([9]), but his way didn't work for the 
quantum version ( [llj ) of its simple modular Witt algebra W(l; 1_) in characteristic 
p. In 2005, Song-Su (|20j) determined some coboundary triangular Lie bialgebra 
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structures (for the definition, see p. 28, [§]) on the Lie algebras of the generalized 
Witt type. The authors ( |12j ) obtained the quantizations both for the generalized- 
Witt algebra W in characteristic and for the Jacobson-Witt algebra W(n; 1_) in 
characteristic p, where in the rank 1 case, we recovered the Grunspan's work in 
characteristic 0, and gave the required quantum version in characteristic p. 

In the present paper, we continue to treat with the same questions both for the 
generalized Cartan type S Lie algebras in characteristic (for the definition, see 
[3]) and for the restricted simple special algebras S(n; 1) in the modular case (for 
the definition, see [22]. [23]). 

As we known, the construction of Drinfeld twists is difficult. Only a few of 
twists in explicit forms have been known for a long time (see [9l I13L I17L 119] 
etc.). In this paper, we start an explicit Drinfel'd twist due to [9] and [llj . which, 
we found recently, is essentially a variation of the Jordanian twist used by Kulish 
et al (see |13j . etc.). For this fact, we provide a strict proof in Remark LIO. 
Similar to [11 and [12] . we quantize the triangular Lie bialgebra structures on the 
generalized Cartan type S Lie algebra in characteristic (The existence of triangular 
Lie bialgebra structures on it is due to a result of [15j ). The process depends on the 
construction of Drinfel'd twists which, up to integral scalars, are controlled by the 
classical Yang-Baxter r-matrix. To study the modular case, what we discuss first 
is about the arithmetic property of quantizations to work out their quantization 
integral forms. To this end, we have to work over the so-called "positive" part 
subalgebra S+ of the generalized Cartan type S Lie (shifted) algebra x^S (where 
r] = —1). This is one of the crucial technical points here. It is an infinite-dimensional 
simple Lie algebra when defined over a field of characteristic 0, while, defined over 
a field of characteristic p , it contains a maximal ideal Ji and the corresponding 
quotient is exactly the algebra S'{n;l). Its derived subalgebra S(n;l) — S'(ri; 1)'^^^ 
is a Cartan type restricted simple modular Lie algebra of S type. Secondly, in order 
to yield the expected finite-dimensional quantizations of the restricted universal 
enveloping algebra of the special algebra S(n; ]_), we need to carry out the modular 
reduction process: modulo p reduction and modulo "p-restrictedness" reduction, 
among which, we have to take the suitable base changes. These are the other two 
crucial technical points. Thirdly, in the process of giving the quantization integral 
forms for the Z-form in characteristic 0, we find that there exist n{n — 1) the so- 
called basic Drinfel'd twists, which can afford many more Drinfel'd twists (Corollary 
5.2). Furthermore, we investigate the twisted structures arisen by these twists. Note 
that these Hopf algebras contain the well-known Radford algebra f [18p as a Hopf 
subalgebra. Our work gets a new class of noncommutative and noncocommutative 
finite-dimensional Hopf algebras in characteristic p (see |24j ) . 

The article is organized as follows: In Section 1, we collect some definitions 
and lemmas which are useful for later use. In Section 2, we quantize explicitly 
Lie bialgebra structures of generalized Cartan type S Lie algebra a;''S by the basic 
Drinfeld twists {in vertical), and obtain n(n— 1) new quantization integral forms for 
Sg in characteristic 0. We use this fact to equip the restricted universal enveloping 
algebra of the special algebra S(n; 1_) with noncommutative and noncocommutative 
Hopf algebra structures by the modular reduction and the base changes in Section 3. 
In Section 4, considering some products of pointwise different basic Drinfel'd twists, 
we can get new quantization integral forms for in characteristic 0, which, via 
modulo p reduction and "p-restrictedness" reduction, together with two steps of 
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base changes, eventually leads to new Hopf algebras of dimension ^i) 
with indeterminate t or of dimension with specializing t into a scalar 

in IC in characteristic p. In Section 5, using the horizontal twists (different from 
the vertical ones in Section 3) , we get some new quantizations of horizontal type of 
u(S(n; ]_)), which contain some quantizations of the Lie algebra sl„ derived by the 
Jordanian twists (cf. |14j ). 

1. Preliminaries 

1.1. Generalized Cartan type S Lie algebra and its Lie bialgebra 
structure. Let F be a field with char(F) = and n > 0. Let Q„ = ¥[xf^, • • ■ , x^^] 
be a Laurent polynomial algebra and di coincides with the degree operator Xi-^. 
Set T = 0"^i Z5j, and = ccf ■ • ■ for a = (ai, • • ■ , a„) e Z". 

Denote W = Q„ ®z T = Span^l | a G T\d G T}, where we set a;"9 = 
(8) 9 for short. Then W = Der]F(Q„) is a Lie algebra of generalized- Witt type 
(see [2]) under the following bracket 

[x°'d,x'^d']^x"'+^{d{l3)d' -d'{a)d), 'ia,l3<Er'- d,d'£T, 

n n 

where 9(/3) = {d, (i) = (/3, 9) = E ^-A G Z for 9 ^ a,(9, G T and /3 = 

i=l 2=1 

(/3i, ■ • ■ ,/?„) G Z". The bilinear map (•,•): T xl/^ — > Z is non-degenerate in the 
sense that 

d{a) = (a, a) = (V a G T), =^ a = 0, 
9(a) = (9, a) = (V a G Z"), =^9 = 0. 

W is an infinite dimensional simple Lie algebra over F (see j2] ) . 

We recall that the divergence (cf. [3]) div : W — > Q„ is the F- linear map 
such that 

(1) div(a;"a) = dix") = d{a)x°', for a G Z", 9 G T. 
The divergence has the following two properties: 

(2) div([u, v\) — u ■ div(w) — v ■ div(u), 

(3) div(/w) = / div(u;) + w- f, 
for u,v,w e W, / G Q,i. In view of (2), the subspace 

S ^ Ker(div) 

is a subalgebra of W. 

The Lie algebra W is Z"-graded, whose homogeneous components are 

Wa:=x°'T, aGZ". 

The divergence div : W — > Q„ is a derivation of degree 0. Hence, its kernel is a 
homogeneous subalgebra of W. So we have 

s = s„, s„ :=snw„. 

For each a G Z", let a : T ^ F be the corresponding linear function defined by 
a{d) — {d,a) = d{a). We have 

Sq = x"Ta, and Ta = Ker(Q;). 
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The algebra S is not simple, but its derived subalgebra S — (S)' is simple, assuming 
only that dimT > 2. According to Proposition 3.1 [3], we have S = ®ct^o^"- 
More generally, it turns out that the shifted spaces x^S, 77 S Z" — {0}, are simple 
subalgebras of W if dimT > 3. We refer to the simple Lie algebras x^S as the 
Lie algebras of generalized Cartan type S (see [3]). The Lie algebra ^''S is Z"- 
graded with x^T^-r] {o. ^ if), as its homogeneous component of degree a, while its 
homogeneous component of degree is 0. 

Throughout this paper, we assume that i] ^ 0, r/k — rjk' ■ 

Take two distinguished elements h = dk — dk',e = x'^Oq G x'^S such that 
[h,e] = e where \ < k ^ k' < n. It is easy to see that 9o(7 — ??) = 0, and 
7fe — 7*:' = 1 ■ Using a result of |15j , we have the following 

Proposition 1.1. There is a triangular Lie bialgebra structure on a;''S (77 7^ 
0, rjk = rjk') given by the classical Yang-Baxter r-matrix 

r {dk ~dk')® x^do - x<da ® {dk - dk'), V dk' , dk £ T, 7 e Z", 

where jk - Ik' = 1, do{j) = do{T]) and [dk - dk',x''dQ] = x'^do- □ 

1.2. Generalized Cartan type S Lie subalgebra S+. Denote Di = 

Set W+ := Spanj(^{a;"i)i | a e Z",l < i < n}, where Z+ is the set of non- 
negative integers. Then W+ = Der;c(^^[a;i, • • • ,2:„]) is the derivation Lie algebra 
of polynomial ring K\xi, ■ ■ ■ ,a;„], which, via the identification x'^Di with x°'~'^^di 
(here a — G Z", a = {Su, ■ ■ ■ ,Sni)), can be viewed as a Lie subalgebra (the 
"positive" part) of the generalized- Witt algebra W over a field IC. 

For X = O'iDi S W, we define Div(X) = '}2^=i Di{ai) as usual. Note that 

div(X) = X]r=i XiDi{x~ ai) (since di = XiDi). Thus we have div(a;i • • ■ XnX) — 
xi - ■ ■ a;„Div(X). This means that X G Ker(Div) if and only if x-X E S, and if and 
only if X g x^-S, where 1 = ei -f • ■ • + e„. 

Set^S+ Ke^-(Div)nW+, then we have S+ = (a;-iS)nW+ since S = 
0„_^oSa and a;-iSonW+ = (where So = T), which is a subalgebra of W+. 
Note that { a„x"~'^"Di — aiX°'~'^^ Dn \ a € Z" , l<i<?i}isa basis of S+, where 
anX°'~'^" Di — aiX°'~'^^ Dn = (a„9i — Uidn) G x°'~'^^~'^"Ta-^i-^,^+i indicates 

once again that S+ is indeed a subalgebra of a;~-S since di = XiDi. 

1.3. The special algebra S(n; 1_). Assume now that char(/C) — p, then by 
definition, the Jacobson-Witt algebra W(ri; ]_) is a restricted simple Lie algebra over 
a field /C. Its structure of p-Lie algebra is given by D^p^ = DP, VI? £ W(n; 1_) with 
a basis {x'-°''>Dj | 1 < j < n, < a < t}, where r = {p-l, ■ ■ ■ ,p-l) G N"; = 
{Su, ■ ■ ■ , Sni) such that x'^'^*^ = Xi and Dj{xi) = Sij] and 0{n;l) := { x'"-' | < a < 
r} is the restricted divided power algebra with x^°'^x^'^'' — ("^'^) 2;^"+'^^ and a con- 
vention: a;*^"-' = if a has a component aj < or > p, where ("^^) '■— Y["=i ("'t^''') ■ 
Note that 0{n;l) is Z-graded by 0{n;l)i := Span^{x(") | < a < r, |a| i}, 
where \a\ — J2]=i'^j- Moreover, W(7i;l_) is isomorphic to Der]c{0{n;l)) and in- 
herits a gradation from 0{n;l) by means of W(n; l_)i = 0{n■,^)i-^-lDj. Then 
the subspace 

S'(n; 1) :^{E £ W(n; 1) | Div(£;) = 0} 
is a subalgebra of W(n; 1_). 

Its derived subalgebra S(n;l) = S'{n;l)^^^ is called the special algebra. Then 
S(n; 1) = S(n; l)nW(n; l)i is graded with s = \t\ —2. Recall the mappings 
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: 0(7i; 1) W(n; 1), = Dj{f)D, - D,{f)D, for / G 0{n-l). Note 

that Ai = and = -Dji, I < i, j < n. Then by Lemma 4.2.2 |22, 

S(n;l) = Span^{A„(/) | / £ < ^ < n} 

is a p-subalgebra of W(n;l) with restricted gradation. Evidently, we have the 
following result (see the proof of Theorem 3.7, p. 159 in [23j ) 

n 

Lemma 1.2. S'(n;l) = S(n;l) + J2 ICx^^''-^-^'^'''^ Dj . And dimA:S'(n;l) = 

(n - ly + 1, dimK;S(n; 1) = (n - l)(p" - 1). □ 

By definition (cf. [.22J), the restricted universal enveloping algebra u(S(n;l)) 
is isomorphic to U{S{n;l))/ 1 where / is the Hopf ideal of U{S{n;l)) generated by 
(Aj(a;^'*+'^"^))^ - Aj(a;(''+'^'^), {D,j{x^°'^))P with a ^ e, + ej ior I < i < j < n. 
Since dimKS(n; 1) = {n - l)(p" - 1), we have dimK;u(S(n; 1)) = p("-i)(p"-i) . 

1.4. A crucial Lemma. For any element a; of a unital _R-algebra {R a ring) 
and a £ R, we set (see [9j) 

(4) a;i"> := {x + a){x + a + 1) ■ ■ ■ {x + a + n - 1), 

then = X]fc=o ''(^' fc)a;'^ where c(n, fc) is the number of tt e 6„ with 

exactly k cycles (cf. |21j l. Given a tt G 6„, let Ci — Ci(7r) be the number of cycles 
of TT of length i. Note that n = ^ ic^. Define the type of tt, denoted type tt, to be 
the n-tuple c = (ci, • • • , c„). The total number of cycles of tt is denoted c(7r), so 
c(7r) = I c I = ci + • • • + c„. Denote by S„(c) the set of all a £ S„ of type c, then 
|S„(c)| = n!/l=ici!2'=2c2! • • ■n'="c„! (see Proposition 1.3.2 [21]). 
We also set 

(5) a;|j"l {x + a){x + a - 1) ■ ■ ■ {x + a - n + 1), 

then := Xq"' = X]fc=o *(^; where s{n,k) — (— l)"^'^c(n, fc) is the Stirhng 
number of the first kind. 

Lemma 1.3. ( [9llllj ) For any element x of a unital ¥ -algebra with char{¥) = 0, 
a, 6 G F and r, s, t £ Z, one has 

(a\ As+t) _ (s) (t) 

(7) Js+t] _ [s] Jt] 

(») (-;'■). 

(10) E tir4"4'i. ^ ('-'::-') - 

1.5. Quantization by Drinfel'd twists. The following result is well-known 
(see [DIlllHlligj, etc.). 

Lemma 1.4. Let (A, m, t, Ag, Sq, Sq) be a Hopf algebra over a commutative ring. 
A Drinfel'd twist J- on A is an invertible element of A® A such that 

(J^Ol)(Ao®Id)(J^) = (1® J^^)(ld0 Ao)(J^), 

(£o ®Id)(J^) = 1 = (Idcx)eo)(^). 
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Then, w ~ 77i(Id ® So){J-') is invertible in A with w ^ ~ 'rn{So (8> Id)(^ "'"). 
Moreover, if we define A : A — > A>Si A and S : A — > A by 



then (A, to, l, A, s, S) is a new Hopf algebra, called the twisting of A by the DrinfeVd 
twist J- . 

Let F[[t]] be a ring of formal power series over a field F with cliar(F) = 0. 
Assume that L is a triangular Lie bialgebra over F with a classical Yang-Baxter 
r-matrix r (see [11 [8]). Let U{L) denote the universal enveloping algebra of L, with 
the standard Hopf algebra structure iU (L), m, l, Aq, Eq, Sq)- 

Let us consider the topologically free ¥[[t]]-algebra U{L)[[t]] (for the definition, 
see p. 4, [8]), which can be viewed as an associative F-algebra of formal power 
series with coefficients in U{L). Naturally, J7(L)[[i]] equips with an induced Hopf 
algebra structure arising from that on U{L) (via the coefficient ring extension), by 
abuse of notation, denoted still by {U{L)[[t]],m, l, AqjEq, Sq)- 

Definition 1.5. ([H]) For a triangular Lie bialgebra L over F with char(F) = 
0, C/(L)[[i]] is called a quantization ofU{L) by a DrinfeVd twist J- over ?7(L)[[t]] if 
f7(i)[[t]]/tC/(L)[[t]] = U{L), and is determined by its r-matrix r (namely, its Lie 
bialgebra structure). 

1.6. Construction of Drinfel'd tvi^ists. Let L be a Lie algebra contain- 
ing linearly independent elements h and e satisfying [h, e] = e, then the classical 
Yang-Baxter r-matrix r = h®e — e(i)h equips L with the structure of triangular 
coboundary Lie bialgebra (see [ISp. To describe a quantization oiU{L) by a Drin- 
fel'd twist T over i7(L)[[t]], we need an explicit construction for such a Drinfel'd 
twist. In what follows, we shall see that such a twist depends upon the choice of 
two distinguished elements h, e arising from its r-matrix r. 

Recall the following results proved in 11 and |12j . Note that h and e satisfy 
the following equalities: 



A(a) = J^Ao(a)J^" 



S = w Sa{a) w 




Ua^m-{So<» Id)(Fa), -Wa = m • (Id (g) So){J'a). 

Write J- ~ Tq, F = Fq, u — uq, v — vq. 

Since 5o(/ii''^) = {-lYh^-l and 5o(e'') = (-l)''e^ one has 




Lemma 1.6. ([H]) For a, b & ¥, one has 

TaFb ^ 1(E) {I ~ et)"-'' and VaUb = {1 - et)-^''+''\ 
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Corollary 1.7. ([11 ) For a e ¥, Ta and Ua are invertible with ^ Fa 
and u^^ — v-a- In particular, JF^^ = F and = v. 

Lemma 1.8. ( [llj ) For any positive integers r, we have 
Ao(/jM) = ^f';)/iH®/i["l. 



Furthermore, Ao(/iM) ^ ^ \.W^^®h^I '1 /or any s G F. 

Proposition 1.9. ([llj) If a Lie algebra L contains a 2- dimensional solvable 

Lie subalgehra with a basis {/i, e} satisfying [h, e] — e, then ^ = X) h^^^ i^e^V 

is a Drinfel'd twist on U{L)[[t]\. 

Remark 1.10. Recently, we observed that Kulish et al earlier used the so-called 
Jordanian twist (see |13j ) with the two-dimensional carrier subalgehra B{2) such 
that [H, E] = E, defined by the canonical twisting element 

J^J. = cxp(i/ (g)cr(i)), cr(t) = ln(l + 

where exp(X) = ¥ + X) = EZi 

Expanding it, we get 

exp(i7 ® a{t)) = exp{J2 ^ ® (^*)" 

n>l e>Q 

E, , 'lci+2c2H hnc„-|c 

^ ci! • • ■c„!Pi2'=2 . . .„c„ ^ ^ 

n>l ci , ■ ■ ■ ,Cti >0 

(-i)'-i'i|e,.(£)l „i.i 



n>0 c 



n>0 Xfc^O 



oc ^ 

where we set n = ci + 2c2 -I- ■ • ■ -I- nc„, c(n, fc) = X)| c |=fc I *3n(c) |. So 

(.F^)-i = cxp((-i/) ® (7(<)) = ^ -(-i/)["i ^"t" = ^^-ff^"^ ® ^^'t' 



^1 t * ^1 

r=0 ■ r=0 



Consequently, we can rewrite the twist J- in Proposition 1.9 as 

T = y" i:4^i7M ® E^'f = exp(iJ (T'(t)), (j'(t) = Ml - Et), 



r 



where [H, —E] = —E. So there is no difference between the twists and J^j. They 
are essentially the same up to an isomorphism on the carrier subalgehra B{2). 
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2. Quantization of Lie bialgebra of generalized Cartan type S 

In this section, we explicitly quantize the Lie bialgebras x^S of generalized 
Cartan type S by the twist given in Proposition 1.9. 

2.1. Some commutative relations in U{x^S). For the universal enveloping 
algebra U{x'^S) of the generahzed Cartan type S Lie algebra x'^S over F, we need 
to do some necessary calculations, which are important to the quantizations of Lie 
bialgebra structure of x^S in the sequel. 

Lemma 2.1. Fix two distinguished elements h :~ dk—dw, e x'^do G x'^T^^^i 
with 7fe — "fk' = 1 for x^S. For a E F, x"d G x"Ta-r], x^d' G x^Tf^-^i, w is 
non-negative integer, the following equalities hold in U{x'^S) : 

(13) x"a.ei = /^SU,_„,)-^"a, 

(14) X-d-ht^=h^ll^,_^^yX-d, 

m y \ 

(15) x'^d ■ (xf^dT = I](-i)' ( 7 ) i^^dT'-' ■ x"+'^ (aid - bid') , 

1=0 

where ai = Y[ d'{a-\-j(3) — Y\ d'{a+jr]), bi — £ d{P)ai-i, and set oq = 1, 6o = 0. 
j=0 j=o 

Proof. One has (13) and (14) by using induction on m. 

Formula (15) is a consequence of the fact (see Proposition 1.3 (4), ,23 ) that 
for any elements a, c in an associative algebra, one has 

ca™ = 5:(-l)^r a"-^(ada)^(c), 

£=0 ^ ^ 

together with the formula 

(16) {adx^d'Y{x"d) = x'^+^^iaed - bed'), 

obtained by induction on £ when taking a ~ x^d' , c = x"d. □ 

To simplify formulas in the sequel, we introduce the operator d'^^^ {£ > 0) on 
U{x^S) defined by d*-^-* :— ji-(ade)^. From (16) and the derivation property of 
it is easy to get 

Lemma 2.2. For 17^ -homogeneous elements x^d, Oi, the following equalities 
hold in Uix'^S) : 

(17) d^^^x'^d) ^ x'^+'^-'iAed - Bedo), 

(18) d(^)(ai---a,)= J2 d^''H<^i)---d'-''Has), 

ll + --- + is=t 

where Ag = jj doia+jj) = jr H do{a+jT]), Bi = d{j)Ai_i, and set Aq = 1, 

■ 3=0 ■ 3=0 

A_i = 0. 

Denote by {U{x^S), m, l, Aq, 5*0, eo) the standard Hopf algebra structure of 
the universal enveloping algebra U{x'^S) for the Lie algebra ^''S. 
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2.2. Quantization of U{x^S) in char 0. We can perform the process of 
twisting the standard Hopf structure (?7(a;''S)[[f]], m, l, Aq, So, so) by the Drinfel'd 
twist J- constructed in Proposition 1.9. 

The following Lemma is very useful to our main result in this section. 
Lemma 2.3. For a e F, a e Z", and x"d e x°-Ta-r^, one has 

(19) {{x^dy ®l)-Fa = -{{x^dy®!), 

oo 

(20) {X<^dy ■ Ua = U^+sia,-a,,) ' (E ^^'^ " ' 

DC' 

(21) (1 ® {x^dy) ■ Fa = E(-i)^F„+, • (h^^ ®d^'\{x^dy)t'). 

£=0 

Proof. For (19): By (14), one has 

oo 

{x^d ® 1) . F„ = E ^.^"^ ■ ^^^^ ^ 

m=0 

oo 

TO=0 

= f'a+(a„-a.)-(a;"a®l). 

By induction on s, we obtain the result. 

i-i 

For (20): Let = H 9o{a+j'y), hi = id{'y)ae-i, using induction on s. For 
j=o 

s = l, using (7), (11), (13) and (15), we get 



x"d • = :c"5 • ( ^ ^^/itL • 

\r=0 ^' 

oo / -|\r 

r=0 ^' 

(-i)\h 



Z-^ 7-1 -a-(«fc-«fc') 

r=0 ' \^=0 ^ ^ / 

r,£=0 

oo 

= • E'^-L(a.-a.,) • x"+'^A,d - B,do)t' 
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where ^£ = y do{a+j^) = ^11 do{a+jri), = d{j)Ae_i, and set Aq = 1, 
3=0 j=o 

A_i = 0. 

Suppose s > 1. Using Lemma 2.2 and the induction hypothesis on s, we have 

oo 

n=0 

oo 

m=0 

oo 

• (^d(")((x«ar).M"_>„r) 

n=0 

oo 

m,n=0 

oo 

t.=a m +n=e 



i=0 



where we get the first and second "=" by using the inductive hypothesis, the third 
by using (14) & (18) and the fourth by using (6) & (18). 
For (21): For s=l, using (15) we get 

oo 

(1 (g) x"'d) ■ F„ = V — /li'"^ (8) x°'d ■ e^t™ 

= E ^/^i'"^® ff:(-l)'(7)e"-^-a;«+^^(a,5-6,ao)i'"') 

m=0 ' \^=0 ^ ^ / 

oo oo ^ 

oo / oo ^ \ 

= E(-i)' E ^^^^1+^ ® ^'"^"^ ('^i'^ ® rfW(a.«a)t^) 

oo 

For s > 1, it follows from the induction hypothesis & (18). □ 

The following theorem gives the quantization of U{x^S) by Drinfel'd twist J^, 
which is essentially determined by the Lie bialgebra triangular structure on a;''S. 
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Theorem 2.4. Fix two distinguished elements h = dk—dk', e = x^do, where 
7 satisfies "fk~jk' — 1 such that [h, e] = e in the generalized Cartan type S 
Lie algebra x^S over ¥, there exists a structure of noncommutative and nonco- 
commutative Hopf algebra {U{x'^S)[[t]],m,L, A, S,e) on U{x'^S)[[t]] over¥[[t]] with 
U{x''S)[[t]]/tU{x''S)[[t]] ^ Uix'JS), which leaves the product of U{x'^S)[[t]] unde- 
formed but with the deformed coproduct, antipode and counit defined by 

oo 

(22) A{x"d) = x'^d ® {l-et)""-""' + ^(-1)^/1 ® ■ d^^\x"d)t\ 

1=0 

oo 

(23) S{x"d) = -(l-et)-(«'=-«fc') • (J2d^^\x"d) ■ hfh^'), 

(24) e{x'^d) = 0, 
where x"d G x"Tq_^. 

Proof. By Lemmas 1.4 and 1.6, it follows from (19) and (21) that 
A(a;"a)= J-.Ao(x"cj).jc-i 

= • {x"d ® 1) • F + . (1 g) x"d) ■ F 

OO 

= (TF^„-a,) ■ {x^d<^l) + Y,{-^Y{^Fe) ■ [h<'^®d^'\x^d)t') 
= (l (l-et)""-""'^ ■ {x"d 1) 

OO 

+ ^(-l)'(l {l-et)-') ■ (ftW ® d^'\x"d)t') 
e=o 

oo 

= a;"5 ® (l-et)"*-"-"' + ^(-l)^/i<^> (l-e^)"^ • d^^\x''d)t^. 

By (20) and Lemma 1.6, we obtain 

S{x"d) = u-^So{x''d) u = -vx°'d-u 



OO 

= -v.u„,.^^,-(j2d^'\x'^d)-hfk') 

oo 

= -(l-et)-(«'=-«^') • (^(i(^)(x"a) • /li' 



Hence, we get the result. □ 
For later use, we need to make the following 
Lemma 2.5. For s> 1, one has 

(i) A((x"a)')= J2 (''){-'i-Y{x''dyh'^^'> (S){i-ety^"''-">''^-^d^^\{x''dy-^)t''. 

oo 

(ii) Siix'^dy) = (-l)*(l-et)-^("'=-«^') • (^d(^)((a;"5)*) • hf 
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Proof. By (19), (21) and Lemma 1.6, we obtain 



j=o ^"'^ e>o 

= EE (')(-l)'((^"9)^®(l-et)^'^"'=-"'''^-0(/^^'^®'^^'n(^"5)^-^")iO 
j=o e>Q ^-'^ 

= ^ (''!V-l)^(a;"9)^'/i<^> ® (l-et)^("^-"fc')-^d(^)((.i;"a)''-J>^. 

0<j<s ' 
i>0 

Again by (20) and Lemma 1.6, we get 

oo 

= {-Ifv ■ • (E d^'Hix'-dr) ■ hfh') 

oo 

= (-l)''(l-ei)-"("''-"'=') ■ (J2d^^\i^°'dy)-h['^h'^y 

So this completes the proof. □ 

2.3. Quantization integral forms of Z-form in char 0. As we known, 

{anx'^"'^" Di — aix"~'^*D„ = x°'~'^^~'^" {andi — aidn) \ a G Z",l < i < n} is a 
Z-basis of , as a subalgebra of both the simple Lie Z-algebras x^-Sz and W^. 
In order to get the quantization integral forms of Z-form , it suffices to consider 
what conditions are needed for those coefficients occurred in the formulae (22) & 
(23) to be integral for the indicated basis elements. 

Lemma 2.6. ([H]) For any a, k, £ e Z, {k+ja)/il is an integer. □ 

3=0 

From this Lemma (due to Grunspan), we see that if we take 9o(7) = ilj then 
Ai and Bi are integers in Theorem 2.4. In this paper, the cases we are interested 
in are: (i) h = dk~dk', e = x"'' {dk-2dk') {I < k ^ k' < n); (ii) h = dk-dk>, 
e = {1 < k ^ k' ^ m < n). The latter will be discussed in Section 5. 

Denote by J^{k, k') the corresponding Drinfel'd twist in the case (i). As a result of 
Theorem 2.4, we have 

Corollary 2.7. Fix distinguished elements h := dk—dk', e := x'^''{dk—2dk') 
{1 < k ^ k' < n), the corresponding quantization of U{S^) over C/(Sj)[[i]] by 
Drinfel'd twist J-^{k, k') with the product undeformed is given by 



(25) A(a;"9) = x'^d (l-ei)""""'-' + ^ (-1)^ (l-et)"^ • 

i=0 

■x^+''''{A,d~Be{dk~2dk')y, 

OO 

(26) Six'^d) = -(l-ei)-("'=-"'=') . (J2 x'"^'"' {A^d - B,{dk~2dk')) ■ hfh") , 
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(27) s{x°'d) = 0, 
e-i 

where = ^ JJ {ak-2ak'+j), = d{ek)Ai_i with Aq = l,A_i = 0. 

Remark 2.8. We get n(n-l) basic Drinfel'd twists 2), • • ■,J^{1, n), T{2, 1), 
• • • , J^{n, n — 1) over U (S^ )• It is interesting to consider the products of some basic 
Drinfel'd twists, using the same argument as the proof of Theorem 2.4, one can get 
many more new Drinfel'd twists (which depends on a bit more calculations to be 
done), which will lead to many more new complicated quantizations not only over 
the [^(Sx)!^], but the possible quantizations over the Uf,q(S(n; 1)) as well, via our 
modulo reduction approach developed in the next section. 

3. Quantizations of the special algebra S(n;l) 

In this section, firstly, we make modulo p reduction and base change with the 
JC\[t]] replaced by IC[t], for the quantization of C/(Sj) in char (Corollary 2.7) to 
yield the quantization of U{S{n;l)). for the restricted simple modular Lie algebra 
S(n: ]_) in char p. Secondly, we shall further make "p-restrictedness" reduction 
as well as base change with the IC[t] replaced by IC[t]^\ for the quantization of 
U{S{n-. D), which will lead to the required quantization of u(S(n; 1)), the restricted 
universal enveloping algebra of S(n; 1). 

3.1. Modulo p reduction and base change. Let Zp be the prime subfield 
of /C with char(/C) = p. When considering as a Zp-Lie algebra, namely, making 
modulo p reduction for the defining relations of W^, denoted by W^^, we see 
that (Ji_)zp = Span^ {x"Di \ 3j : aj > p} is a, maximal ideal of , and 

= W(n;i)z^ = Span2^{x(")A | < a < r, 1 < i < n}. For the 
subalgebra Sj, we have /(Sj n (Ji)zp) = S'(n; l)z^. We denote simply n 
(Ji)z, as (4)z^. 

Moreover, we have S'(n; 1) = /C ®Zp S'(n; l)zp = /CS'(n; Dz^, and = /CSj^. 

Observe that the ideal := ]C{Ji)zp generates an ideal of U{S'^) over IC, 
denoted by J := J+[/(S+), where S'^/J^ ^ S'(n; 1). Based on the formulae (25) 
& (26), J is a Hopf ideal of t/(Sj) satisfying U{S^)/J ^ C/(S'(n; 1)). Note that 
elements ^ ai a-jix" D, in Sj^ for < a < t will be identified with ^ ai_aX^"'^ Di in 
S'(n; ]_) and those in ,/i with 0. Hence, by Lemma 1.2 and Corollary 2.7, we get the 
quantization of [/(S'(n;l)) over J7t(S'(n;l)) := U{S'{n;V))®ic^\t] (not necessarily 
in U{S'{n;l))[[t\], as seen in formulae (28) & (29)) as follows. 

Theorem 3.1. Fix two distinguished elements h := Di~i~i{x^'^''~^'^'''^), e := 
2£)fcfc/(x(^^'=+'^'=')) (1 < fc 7^ fc' < n), the corresponding quantization ofU{S'{n;l)) 
over Ut{S'(n;l)) with the product undeformed is given by 

(28) A(Aj(a;^"^)) = Aj(a:^"^) ® (l-et)«'=-*''=-''^'=-«'='+''»'='+''i^' 

p-i 

+ 5] (-l)'/iW ® (l-ei)-^(A,Ai(a;^"+'^^^) 
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(29) S{Dij{x^'^'^)) = -(l-ef)-«'=+'5''=+'5f=+«^'-'5»^'-'5.'=' • (^^{AeDij{x^"+^"'^) 

(30) e(A,(x("))) = 0, 

(31) A(a;(^-(P-i)^^)Dj) = x^''-^^''^^'^'^ Dj(g){l^et)P'^^^>''-^^'''^ + Kgix'-''-^^-'^^'^^ Dj, 

(32) ^(^(^-(f-^^'^^Dj) = -(l-et)P(''"'-'*~.'=')a;(^-(P-i)^^)Dj, 

(33) eix^^-^P-'^'^^ D,) = 0, 

w/iere < a < t, 1 < j < i < n, A( = £l{°"°f^^){Ae - SjkAi-i - SikAi-i) (modp), 
B, = 2^!("'=,+V')K' + l)At-i (mod:p), = i {oik - 5jk - kk -2ak' +25ju' + 

m=0 

2(5ife' + m) and A{) ~ 1, A_i = 0. 

Note that (28), (29) & (30) give the corresponding quantization of C/(S(n;l)) 
over C/t(S(n; 1)) := C/(S(n;l)) (g)^; IC[t] (also over C/(S(n; l))[[i]]). It should be 
noticed that in this step — inducing from the quantization integral form of U{S^) 
and making the modulo p reduction, we used the first base change with IC[[t]] 
replaced by IC[t], and the objects from ?7(S(n; l))[[t]] turning to Ut{S{n-,V))- 

3.2. Modulo "p-restrictedness" reduction and base change. Let / be 
the ideal of U{S{n;l)) over K. generated by (Aj(a;('*+'^'))P - Aj(a;('*+'^'^) and 
(Aj(a;(")))P with a 7^ + for < a < t and 1 < j < i < n. u(S(n; 1)) = 
[/(S(n; 1))// is of dimension p'""^)'^""^). In order to get a reasonable quantization 
of finite dimension for u(S(n; 1)) in char p, at first, it is necessary to clarify in 
concept the underlying vector space in which the required t-deformcd object exists. 
According to our modular reduction approach, it should start to be induced from 
the /C[i]-algebra Z7t(S(n; 1)) in Theorem 3.1. 

Firstly, we observe the following fact 

Lemma 3.2. (i) (1 - ei)^ = 1 (modp,/). 

(ii) {1 - et)-^ = 1 + et + ■ ■ ■ + eP-HP^'^ (modp,/). 

(iii) ha'^ = (modp, /) for £ >p, and a GZp. 
Proof, (i), (ii) follow from = in u(S(n;l)). 

(iii) For £ G Z+ , there is a unique decomposition i = £q + tip with < £0 < P 
and £\ > 0. Using the formulae (4) & (6), we have 

hi'^ = • hi%Pl ^ /.<^o> . ^f,iP)j. (^,d p) 

= h'i"^ ■ {hP - hY^ (mod p), 

where we used the facts that (a; + l){x + 2) • • • (a; +p — 1) = xP~^ — 1 (mod p), and 
{x + a + lo)P =xP + a + io (mod p). Hence, h'i^ = (mod p, /) for l>p. □ 

The above Lemma, together with Theorem 3.1, indicates that the required 
t-deformation of u(S(ri; ]_)) (if it exists) in fact only happens in a p-truncated poly- 
nomial ring (with degrees of t less than p) with coefficients in u(S(n;l)), i.e., 
Ut,q(S(n; 1)) := u(S(n; 1)) (g)^ K,[t\^^ (rather than in Ut(S(n; 1)) := u(S(n; 1)) (g)^ 
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IC[t]), where A^[f]p'''' is taken to be ap-truncated polynomial ring which is a quotient 
of }C[t] defined as 

(34) /CM^,") = m/it" - qt), for q G /C. 

Thereby, we obtain the underlying ring for our required t-deformation of u(S(n; 1)) 

over /C[4''\ and dim K;Uf,q(S(n: 1)) = p ■ dim K;u(S(n; 1)) = pi+("-i)(p"-i). Via 
modulo "restrictedness" reduction, it is necessary for us to work over the objects 
from Ut{S{n;l)) passage to Ut,q{S{n;l)) first, and then to ut,q(S(n;l)) (see the 
proof of Theorem 3.5 below), here we used the second base change with IC[t]^^ 
instead of /C[t]. 

We are now in a position to describe the following 

Definition 3.3. With notations as above. A Hopf algebra (ut,g(S(n; 1)), 
m, i, A, S, e) over a ring X^[t]p'^ of characteristic p is said to be a finite-dimensional 
quantization of u(S(n; ]_)) if its Hopf algebra structure, via modular reduction and 
base changes, inherits from a twisting of the standard Hopf algebra t/(S2)[[i]] by 
a Drinfeld twist such that Ut,g(S(n; l))/tut,g(S(n; 1)) ^ u(S(n; 1)). 

To describe Ut,g(S(n; 1)) explicitly, we still need an auxiliary Lemma. 

Lemma 3.4. Let e = 2£)fefe,(a;(2«fc +«*>')) and = ^(ade)^ Then 

(i) dW(Ai(a;(«))) = A,Ai(a;(«+^^'=))+B^(5ife£'feo-+^ifeAfe')(^^"+^'-'^^''+^^'^); 
where Ae,Be as in Theorem 3.1. 

(ii) dW(A,(x(^'+^^))) = <5,,oA,(x(^-+^^)) - 5,j{5,k - S,k)e. 

(in) (iW((A, (x(")))^) = <5^,o(Aj(x(")))P - 5i,ii5ik - 5,fc)<5„,e,+e,e. 

e-i 

Proof, (i) Note that = ^ U.iak-5jk-Sik-2ak'+25jk'+2Sik'+m),hrO< 
a < T. By (17) and Theorem 3.1, we get 

d(^)(A,(x("))) = ^S'Hx''-''~''iaA-^^^J)) 

(ii) Note that = 1 and = for ^ > 1, 

At = e\l ^ ]{Ae-5jkAe-i-SikAe-i) (modp), 

m = 2l\ (""^t^"^) (afc,+l)^,_i (modp). 

We obtain = 1 and Bq = 0. We also obtain A\ = —{Sik + Sjk){ak + 1), 
Bi = 2{ak' + 1) and = = for ^ > 2, namely, d(^)(Aj(a;(''+"^^)) = for 
£>2. So by (i), we have 

d(i)(Ai(a:(^'+^^))) = -{6,k + S,k){ak + l)A,(x(^^+^^+^'=)) 
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In any case, we arrive at the result as required, 
(iii) From (15), we obtain that for < a < r, 

^ ^2e^+p(a-e,-ej)(^g^ _ ^Q^,) (mod p) 



1 p ?/* rv = : -X- p ^ 

(mod J) 



_ I -Op e, z/ a = Ei + 

\0, if a^ti + ej 

where the last "=" by using the identification w.r.t. modulo the ideal J as before, 
and ai = W {a^di - aidj){ek + m,{a-€i-€j)), be = £{dk - 2dk'){a-€t-€j)ae-i, 

and Up = Sik — 6jk for a = Ci + ej. 

Consequently, by the definition of rf(^), we get d(^)((a;(") A)^) = in u(S(n; 1)) 
for 2 < £ < p - 1 and < a < r. □ 

Based on Theorem 3.1, Definition 3.3 and Lemma 3.4, we arrive at 

Theorem 3.5. Fix two distinguished elements h := £)fefc/(x^'^'=+'^ e := 
2Dkk'ix^^'^''~^'^'''^) {1 < k ^ k' < n), there is a noncommutative and noncocummta- 
tive Hopf algebra {ut^q{S{n;l)),m, l, A, S,e) over }C[t\^^ with its algebra structure 
undeformed, whose coalgebra structure is given by 



(36) A(Aj(a;("^)) = Ai(a;("^)0(l-et)"'=-**'=-*^'=-"^'+**^'+*i^' 

+ 1] (-1)^/1^® (l-et)-^dW (Ai (^("^))^^ 

(37) 

p-i 

5(Aj(a;(")))=-(l-et)-"'=+**'=+*^-'=+"^'-**^'-*i^' • (^d(^)(Aj(a;("))) • /if 



(38) e{Dij{x^"^))=0, 

forO <a<T, which is finite dimensional with dim K:Ut^q{S{n;l)) = 

Proof. Set Ut,q{S{n;l)) := t/(S(n;l)) ®jc IC[t]i''K Note that the result of 
Theorem 3.1, via the base change with )C[t] instead of )C[t]^p \ is still valid over 
C/t,g(S(n; 1)). Denote by It,q the ideal of Ut.qiS{n;l)) over the ring IC[t]l?^ generated 
by the same generators of the ideal / in U{S{n;l)) via the base change with IC 
replaced by IC[t]^\ We shall show that It^q is a Hopf ideal of Ut,q{S{n;l)). It 
suffices to verify that A and S preserve the generators in It,q of Ut,q{S{n;l)). 
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(I) By Lemmas 2.5, 3.2 & 3.4 (iii), we obtain 

(39) 



p-i 

= {Dij{x^"^))P®l + ^(-l)^/iW®(l-et)-^dW((Ai(a;("))r)i^ (mod p) 

= {Dij{x^"^)f^l + l^{Dij{x^"^)f + h^{l-et)-\Sik-6,k)6o.,e.+e,et. 
Hence, when a 7^ e, + Cj, we get 

A((Ai(a;("^)r) = {Dij{x^"^)y 01 + 1® (A,(a;("^))^ 

e ® C/t,g(S(n;l)) + C/t,q(S(n;l)) ® /t,,; 
and when a = ei + ej, by Lemma 3.4 (ii), (28) becomes 
A(Aj(x(^-+'^^)) = D,j{x^'^+'''^)®1 + l^Dij{x^''+''^) + h^{l-et)-\6ik-5jk)et. 
Combining with (39), we obtain 

A((Ai(x(^'+^^-)))^ - Ai(x(^'+^^))) ^ ((A,(x(^-+^')))^' - A,(x(-+'^))) ® 1 

+ 1 ((A,(x(^'+^^-)))^' - A,(x(^'+^'))) 

G ® t/t,,(S(n; 1)) + Ut,g{S{n;l)) Cg) /t,,. 
Thereby, we prove that the ideal It q is also a coideal of the Hopf algebra 

(II) By Lemmas 2.5, 3.2 & 3.4 (iii), we have 

00 

S{{D,j{x^'^^))P) = -(l-et)-P(«'=-"^') ^d(^)((Aj(a;(")))P) • hfh^ 
^^^^ = -(A,(^^"^))^ - <=^^'\iD,M°'^)Y) ■ hfh^ (mod p) 

= -(Aj(x(")))^' + {6ik - 6jk)Sa,u+e,e ■ h[^h. 

Hence, when a ^ ei + ej, we get 

5((A,(:r(")))^')^-(A,(x(")))Pe/t,<,. 

When a = Ei + ej, by Lemma 3.4 (ii), (29) reads as 

^(A,(.t(^'+^'^)) = -Aj(a;(^'+^^^) + {6ik - 6jk)e ■ hi'k. 

Combining with (40), we obtain 

S{{D,,ix^'^+'^^))P - A,(a;(^-+^^))) - -((A,(2:(^'+^^)))P - D,j{tM^+'^^)) € h.^. 

Thereby, the ideal It,q is indeed preserved by the antipode S of the quantization 
[/t,q(S(n; 1)), the same as in Theorem 3.1. 

(III) It is obvious to notice that e{{Dij{x''°'^)Y) — for all a with < a < r. 

In other words, we prove that It^q is a Hopf ideal in Ut,q{S{n; 1)). We thus obtain 
the required t-deformation on Ut, 5(8(71; 1)), for the Cartan type simple modular 
restricted Lie algebra of S type — the special algebra S(n; 1). □ 



18 



HU AND WANG 



Remark 3.6. (i) Set f = {1 - et) ^ By Lemma 3.4 & Theorem 3.5, one gets 

where / is a group-Uke element, and S{h) = —hf^^, e{h) — 0. So the subalgebra 
generated by h and / is a Hopf subalgebra of Ui_g(S(n; !_)), which is isomorphic to 
the well-known Radford Hopf algebra over IC in char p (see |21j ). 

(ii) According to our argument, given a parameter q G IC, one can specialize t 
to any root of the p-polynomial — qt E IC[t] in a split field of K,. For instance, if 
take 9 = 1, then one can specialize t to any scalar in Zp. If set i = 0, then we get the 
original standard Hopf algebra structure of u(S(n; 1_)). In this way, we indeed get 
a new Hopf algebra structure over the same restricted universal enveloping algebra 
u(S(n; 1)) over /C under the assumption that K. is algebraically closed, which has the 
new coalgebra structure induced by Theorem 3.5, but has dimension 



4. More quantizations 

In this section, we can get more Drinfel'd twists by considering the products of 
some pairwise different basic Drinfel'd twists as stated in Remark 2.8. By the same 
argument as in Theorem 2.4, one can get many more new complicated quantizations 
not only over the ?7(Sj)[[t]], but over the Ut,g(S(ri; !_)) as well. Moreover, we 
prove that the twisted structures given by some products of pairwise different basic 
Drinfel'd twists with different length are nonisomorphic. 

4.1. More Drinfel'd twists. We consider the products of pairwise different 
and mutually commutative basic Drinfel'd twists. Note that [J^{i, j), T{k,m)] — 
for i ^ k,m and j ^ k. This fact, according to the definition of J-{k,m), implies 
the commutative relations in the case i ^ k,m and j ^ k: 

(.F(fc,m) ® l)(Ao ® Id)(.F(z, j)) = (Ao ® Id)(.f (i,j))(.F(fc,m) ® 1), 
(l®.F(fc,m))(Id® Ao)(.F(z,j)) - (Id® Ao)(.F(i,j))(l(^.F(fc,m)), 
which give rise to the following property. 

Theorem 4.1. T{i, i)J-{k,m){i ^ k,m;j ^ k) is still a Drinfel'd twist on 

Proof. Note that Aq ® id, id (E) Aq, Eq ® id and id (g) Eq are algebraic homo- 
morphisnis. According to Lemma 1.4, it suffices to check that 

iTii,j)Tik, m) (g, l)(Ao ® ld)iTii,j)J^ik,m)) 

= ilg,T{i,j)T{k,m)){ldg>Ao){T{i,3)Tik,m)). 

Using (41), we have 
LHS = {T{iJ) (g) l)(J^(fc,m) ® l)(Ao ® ld){T{i,j)){Ao (g Id)(J'(fc,m)) 
= {T{iJ) g) l)(Ao g) ld){T{i,j)){T{k, m) g> l)(Ao g) ld){T{k,m)) 
= {lg) Tii,j)){ld g) Ao)(.F(z, j))(l ® Hk, m))(Id ® Ao)(.F(fc, m)) 
= {lg> T{i,j)){l (g T{k, m))(Id (g Ao)(J^(i,i))(Id ® Ao)(j^(fc, m)) = RHS. 

This completes the proof. □ 



More generally, we have the following 
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Corollary 4.2. Let ,T{im,jm) be m pairwise different basic 

Drinfel'd twists and [T{ik,jk),^{is,js)] = for all 1 < k ^ s < m. Then 
■ ■ ■ ^{im,jm) is still a Drinfel'd twist. 

We denote J^rn = ^{k,ji) ■ ■ ■ ^{im , jm ) and the length of J^{im,3m) 
as m. These twists lead to more quantizations. 

4.2. More quantizations. We consider the modular reduction process for the 
quantizations of [/(S~'')[[t]] arising from those products of some pairwise different 
and mutually commutative basic Drinfel'd twists. We will then get lots of new 
families of noncommutative and noncocommutative Hopf algebras of dimension 
pi+(ra-i)(p -1) -^yj^ii indeterminate t or of dimension with specializing 

t into a scalar in K,. 

Let A{k,k')i, B{k,k')i and A{m,m')n, B{m,m')n denote the coefficients of 
the corresponding quantizations of U{S^) over J7(S2)[[i]] given by Drinfel'd twists 
!F{k,k') and T{m,m') respectively as in Corollary 2.7. Note that A{k,k')o = 
A{m, m')o = 1, A{k, k')-i = A{m, m')_i = 0. 

Set 

d{m, m'; k, k')e^n ■= A{m, m')„^(fc, k')id - A{m, m')nB{k, k')i{dk-2dk') 

- A{k, k')eB{m, m')n{dm-2dm'). 

Lemma 4.3. Fix distinguished elements h{k,k') = dk—dk', e{k,k') = x^''{dk — 

2dk') [1 < k ^ k' < n) and h{ni,m') = d,n—dm', e{m,m') = x/"^ {dm— 2dm') 
(1 < m ^ to' < n) with k m,m' and k' ^ m, the corresponding quantization of 
U'(Sj) over U{S'^)[[t]] by Drinfel'd twist T = T{m,m')T{k,k') with the product 
undeformed is given by 

(42) A(a;«9) = x'^d ® {l-e{k, (l-e(m, m')i) 

OO 

+ {-lY+%{k,k'f ''' ■h{m,m'Y"^ Cx) {l-e{k,k')ty^ 
n,e=o 

■ (l-e(TO, m')t) ""a;«+^^'=+"^'"9(m, m'; k, fc')^,ni"+^ 

(43) S{x"d) = - {l-e{k, k')t) (l-e(TO, m')t) . 

OO 

• ^ x"+^^'=+"^'"a(TO,TO';fc,fc')«,n •/i(TO,TO')i"^/i('t,fc')f^i"+^ 
n,i=0 

(44) £(a;"a) = 0, 
for x"d G Sj. 

Proof. Using Corollary 2.7, we get 
A{x"d) = J^{m,m')J^{k,k')Ao{x"d)J^{k,k')-'^J^{m,m')-'^ 
= J^{m,m')(x"d® (l-e(fc,fc')*) 

OO 

+ k'Y^^ (l-e(/fc, k')ty^ ■ {A{k, k')ed 

-B{k,k')e{dk-2dk'))t^)T{m,m')-^. 
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Using (19) and Lemma 2.1, we get 

T{m, m') (x'^d ® (l-e(fc, ^')"^ 

= J^im, m') (x"d (8> l) JP(m, m')"^ (l ® (l-e(A;, fc')*) ) 

= (l0 (l-e(m,m')t) )(ar"a®l)(l (l-e(fc,fc')i) 
= ® (l-e(fc, A;')i) (l-e(m, m')i) • 
Using (21), wo have 

oo 

jr(m,m')(^(-l)^/i(fc,fc')<^> ® (l-e(fc,fc')i)~^ 

£=0 

• {A{k, k')ed - B{k, k')i{dk-2dk')y):F{m, m')"' 

OO 

= {-lfh{k, kY^ ® (l-e(A;, k')t)~^ 

■ :F{m, m') (l (g) 3;"+^'^'= (A(A:, fc')«9 - S(A:, k')e{dk-2dk'))y'^J^{m, m')"^ 

OO 

= ^ {-lYh{k,k')''^'> (g>{l-e{k,k')t)~^ ■J^{m,m')F{m,mX(h{m,m')^''^(g> 
n,e=o 

x"+^^''+"'-5(m, m'; fc, A;')^,ni"+^) 

OO 

= ^ (-l)^/i(fc,fc')^^^/i(rn,m')<"> ® (l-e(fc,fc')t)"^(l-e(m,m')i)"" 

n,e=o 

■ x"+^<='=+"<^'"9(m, m'; A:, k')e^„r+'^. 

For k ^ m,m' and /c' 7^ m, by the definitions of v and m, we get 
V = v{k, k')v{m, m!) = v{m, m')v{k, k'), 
u = u{'m, m')u(k, k') = u{k, k')u{m, m'). 

Note u{m,m')h{k,k') = h{k,k')u{m,m'), v{m,m')e{k,k') = e{k,k')v{m,m'). 
By Corollary 2.7 and (20), we have 

S{x"d) = -vx"d-u 

= —v{m, m')v{k, k') ■ x°'d ■ u{k, k')u{m, m') 

00 

= v{m,m')-(-{l-e{k,k')t)~"''^"''' ■ {^x''+''^ {A{k,k')ed 

1=0 

- B{k, k')e{dk-2dk')) ■ h{k, fc')f t^)) • u{m, m') 



= —[l—e{k,k')t) ■ v{m,m')u{m,m')a„-a„, 



, 2;"+^^'=+"^"5(m,m';fc,A;')^,n-/i(m,m')i"^/i(fc,A;')f 
n,e=o 
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= - (l-e(fc, (l-e(rn, m')0 " 



n,e=o 

This completes the proof. □ 

Set a{k,_k')_= ak-Sik-Sjk-ak'+Sik'+Sjk' and 4^2' = jfia,de{k,k')Y. Write 
coefScients A(, Bg, in Theorem 3.1 as A{k, k')i, B{k, k')i, A{k, k')e, respectively. 
Set 

Dij{m,m';k,k')e,n := i(/c, fc')M(m, m')„Ai(a;("+^^'=+"^'")) 

+ B{k,k')eA{m,m')n{5ikDk'j + 5jfcAfc')(a;^"+^^"'^"'+"''"+''='^) 

+ A{k, k')eB{m,m'USimDk'j + 

Using Lemma 4.3, we get a new quantization of f7(S(n; 1)) over f/t(S(n; 1)) by 
Drinfel'd twist .F = J^{m, m')J^{k, k') as follows. 

Lemma 4.4. Fix distinguished elements h{k,k') = Dkk'ix^'^''^'^'''^), e{k,k') = 
2Dkk'{x(^"'+'''''^); h{m,m') = Dmm-{x^'-+'-'^), e{m,m') = 2Dmm'{x^^'-+'"^''^) 
with k ^ m,m';k' ^ m, the corresponding quantization of U{S{n; 1)) on Ut{S{n; 1)) 
{also on U{S{n;l))[[t]]) with the product undeformed is given by 

(45) A{Dij{x^"^)) = Dijix^''^) ® {l-e{k,k')ty^''''''\l-e{m,m')tf^"''"'"^ 



-1 



+ {-lf+%{k,k')''^^h{m,m')^"''> ® {l-e{k,k')t) ■ 
n,e=o 

• (l-e(m, m')t) ~"'Dij{m, m'; k, A;')^,„i"+^, 

(46) S{Dij{x^'-^)) = -(l-e(fc,fc')i)""'''''^(l-eKrn')0""^'"'™'^ • 

p-i 

• ( ^ Dij{m,m';k,k\nh{k,k')f'>h{m,m')^^h''+^), 
n,e=o 

(47) e{Dij{x^"^)) = 0, 
where <a < t. 

For the further discussion, we need two lemmas below about the quantization 
of {7(S(n; D) over U(Sin;l))[[t]] in Lemma 4.4. 

Lemma 4.5. For s> 1, one has 
(i) A((Ai(a;("^))*)= Qi-'^r^^{Dij{x^"^)yh{k,k')^^>h{m,m'Y''^ ^ 



0<3<s 
n,e>0 



(l-e(fc,)t')0'"^''''^"'(l-e(m,m')t)'"^'"''"'^""- 
•^Ll'41i'((A,(x(«)))-^>^+". 

sa(m,m') ^, j /\,\—sa{k,k') 



(ii) 5((A, (x(")))^) = (-l)^(l-e(m,m')t) ^(l-e(fc, fc')0" 



n,e=o 
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Proof. By Lemma 2.5, (21), (19) and Lemma 1.6, we obtain 

A((A,(a;(")))^) = ® l + l ® Ai(a^^"^)) 

= ^(m,m')( ('){-iY{D,j{x^''^)yh{k,k')<'^ ® {l-e{k,k')ty"^'''''^-' 



0<j<s 



■dilmj{x("^)y-^)t')j^{m,mr' 
= ^(m,m')( J2 (')(-l/((A,(x(")))-'®l)(Mfc,fc')<'>®(l-e(fc,fc')0'"^''''^"') 

= ^(m,m') ^ ('*)(-l)"+'((Aj(^'"^))^ ® l)^(m,m')-'M't,A:')^'^M"^,™')^"^ 



0<j<s 
n,l>0 



®(l-e(fc,fc')i)^"^''''^"'rfL1.4iU(A,(x(")))^-)t^+" 
= E (')(-l)"+'^(m,mO^(m,m');i,„(„,„,)((A,(^("^))^"^l)Mfc,fc')<'^ 

. M™,m')<"> ^ (l-e(fc,fc')0'"'''''^"'rfLl'4'i'((A,(»))^->^+" 



0<j<s 
n,<>0 



J2 [ .){-ir+^{Dij{x^''^)yh{k,k'Y^^h{m,m'Y''^ ® (l-e(fc,A;')i) 



.(l^e(™,m')i)^"^'"''"'^-"d^l,41U(A,(.^(")))^-)i^+". 
Again by (20) and Lemma 1.6, 

smj{x^'^))y)=u-'somj{x^'^^)r)u 

= {-iyv{Dij{x(^^)y-u 

= {-iyv{m,m')(^{l-e{k,k')t)~""^'''''"' 

OO 

•(E4i'((A,(»))^)-Mfc,fc')ri'))«(m,rn') 
= {-iyv{m, m')u{m, m')sc«(m,m') (l-e(fc, A;')t) 

OO 

• ( E ^w41U(A,(x(")))^) • MA,fc')f Mrn,m')i" 

nJ=0 



OO 

• (E '^w41U(A,(x(")))^)-MA,^')f Mrn,m')i">r+^). 
n,e=o 

This completes the proof. □ 
Lemma 4.6. Set e{k,k') = 2Afe'(a;(^'''+''=')), e{m,m') = 2Dmm'{x^'^<'--+<'m')), 
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4fc' = ^(ade(fc,fc'))' andd!-2ln' = U&de{m,m')Y. Then 

(i) rf^:L4i'(A,(x("))) = A,(m,m';/c,/c'kn, 
w/iere Dij{m,m';k,k')£^n o,s in Lemma 4-4- 

(ii) '^w4fe'(A,(ar(^*+^^-))) = Se,oSnfiDij{x(''+'^^) - 6n,oSi,e{Sik-Sjk)e{k, k') 

(iii) d^:;l,d'il{{Dij{x(-^)r) = 5^,o<5„,o(A, (x(")))P - dn,05lASik-5jk)5o.,e,+.,- 

■e{k,k') - Sifi5i,n{5im-Sjm)Sa,ei+eje{m,in'). 

Proof, (i) For < a < r, using (17), we obtain 

= d^i, (A(fc, fc')K«j9«-a.a,) - Bik, k'kidk-2dk'))) 

" ^2;"-^'-^^+^''=+"^" (^(fc, k')a{m, m'Ua,d,-aid,) 

- A{m, m')nB{k, k')e{dk-2dk') - A{k, k')eB{m, m')n{dk'-2dk')) 
= Dij{m,in';k,k')e,n- 
(ii), (iii) may be proved directly using Lemma 3.4. □ 

Using Lemmas 3.2, 3.4, 4.5 & 4.6, we get a new Hopf algebra structure over 
the same restricted universal enveloping algebra u(S(7T.;l)) over /C by the products 
of two different and commutative basic Drinfel'd twists. 

Theorem 4.7. Fix two distinguished elements h{k,k') : = Dkk'ix^^^^^"'''^), 
e{k,k') := 2L>fcfc'(x(2^'=+^'^-')) {1 < k ^ k' < n) and h{m,m') := D„„. (x(<^'"+<^"')), 
e{m,m') :— 2I?„„/(x*^^'^'""'"'^"'''') {1 < m ^ m' < n) with k =^ m,m,';k' ^ m, there is 
a noncommutative and noncocummtative Hopf algebra (u(^g(S(n; l)),m, A,S,e) 
over }C[t]^^ with the product undeformed, whose coalgebra structure is given by 

(48) A(Aj(a;^"^)) = Ai(a;^"^) ® (l-e(A;, fc')i)"^''''''^(l-e(m,m')i)"^'"'™'^ 

p-1 

+ J2 {-lY^'"h{k,k'f^^h{m,m'f'^^ (i,{l-e{k,k')t)~^- 
n,e=o 

•(l-e(m,m')t)-"4'2,41'(A.(a.^"^))i'+". 

(49) 5(Ai(a;("))) = -(l-e(A;,)fc')t)""^''''V-e(m,m')t)""''"'™'^ ■ 

• ( E 41^'41'(A.(a.^")))Mfc,fc')f^Mrn,m')f 

n,e=Q 

(50) e(A,(a;<"))) =0, 

where <a <t, and dimK;Ut,,(S(n; 1)) = pi+("-i)(p"-i) . 

Proof. Let It,q denote the ideal of {Ut,q{S{n;lj},m, l, A, S,e) over the ring 
/C[t]jf^ generated by the same generators as in / {q G IC). Observe that the result 
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in Lemma 4.4. via the base change with IC[t] replaced by IC[tfp \ is still valid for 
?7i,,(S(n:l)). ' 

In what follows, we shall show that It.q is a Hopf ideal of f// ,j(S(n; 1_)). To this 
end, it suffices to verify that A and S preserve the generators of It,q- 

(I) By Lemmas 4.5, 3.2, 3.4 & 4.6, we obtain 

OO 

+ J2 {-'^r^^h{k,k')<^>h{m,m')<''^ {l-e{k,k')t)-^ 

n,e=o 

■(l-e(m,m')i)-"dLl'4'2'((A,(^^"^)r)i"+' 
p-i 

= Yl {-'^T^^h{k,k')^^^h{m,m')^''^(^{l-e{k,k')t)-^ 

n,e=o 

•(l-e(m,m')i)-"dL"L41U(A,(^^"^)F)i"+' (mod p) 
(51) p-i 

= (Aj(a;("^)r«)l+ {-'i-T^^hik,k')^^^h{m,m')^''^(3{l-e{k,k')t)-^ 

n,e=o 

■ (l-e(m,m')i)-"(^^,o^„,o(A,(a:^"^)f -'^„,o^i,£(^ifc-^,fe) 

■Sa,ei+eje{k,k') - ^^,0'^l,n(^im-^jm)<^a,ei+e^ e(m, m')) 

+ h{k,k')i»{l-e{k,k')t)-'^{6ik-5jk)5a,e,+eje{k,k')t 

+ h{m, m')0(l-e(m, m')t)~'^{6im-5jm)Sa,ei+eje{m, m')t. 

Hence, when a ^ Ci + ej, we get 

G /t,q ® C/t,q(S(n: 1)) + C/t,,(S(n; D) ® 

And when a = Ci + Cj, by Lemmas 3.4 and 4.6, (45) becomes 

A{Dij{x^''+'^^)) = Dij{x^''+'i^) (g) 1 + 1 Dij{x^''+'i^) 

+ {Sik - Sjk)h{k, k') (1 - e{k, k')t)-^e{k, k')t 

+ {^im — Sjm)h{m,m') (8i (1 — e{m,m')t)~^e{m,m')t. 

Combining with (51), we obtain 

Am,ix^^^+^^y)r - a,(x(^-+^^))) ^ ((a,(x(^'+^-)))^ - D,,ix^^^+^^^)) ® i 

+ 1 ((A,(x(")))^' - Dij{x^'*+'^^)) 
e O C/t,,(S(n; D) + Ut,q{S{n;l)) 7*,^. 

Thereby, we prove that the ideal It q is also a coideal of the Hopf algebra 
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(II) By Lemmas 4.5, 3.2, 3.4 & 4.6, we have 

OO 



n,e=o 



(52) 



^- E rfLl'4'i'((A,(»))^).Mfc,A:')f>M"^."^')i"^i"+' (niodp) 
= -~(D,,{x^'''>)r + {S,k-S,k)So.,e,+e,e{k,k') ■ h(k,k')['h 

Hence, when a ^ ei + ej, we get 

5((A,(x(")))P) = -(A,(»))Pe/t.,; 

When a — + ej, by Lemmas 3.4 and 4.5, (46) reads as ^(Aj (a:*-'^"^'^^)) ~ 

-Aj(a;(^-+^^)) + {5,k - 6,k)e{k, k') ■ h{k, fcOf^^ + (-5.™ - SjMm, m') ■ h{m, m'^h. 
Combining with (52), we obtain 

5((A,(x(^'+'^)))^ - A,(x(^-+^^))) = -((A,(x(^'+^^)))f - A,(:r(^-+^^))) e 

Thereby, we show that the ideal It^q is indeed preserved by the antipode S of 
the quantization Ut.q{S{n;l)). 

(Ill) It is obvious to notice that e{{Dij{x'^°''>))P) = for aU < a < r. 

This completes the proof. □ 

Remark 4.8. Corollary 4.2 gives more Drinfel'd twists. Using the same proof 
as Theorem 4.7, we can get new families of noncommutative and noncocommutative 
Hopf algebras of dimension ~i) in characteristic p. Obviously, they are 

p-polynomial deformations (uj ,j(S(n; 1)), m, t, A, S*, e) of the restricted universal 
enveloping algebra of S(ri; ]_) over the p-truncated polynomial ring IC[t]l^K 

4.3. Different twisted structures. We shall show that the twisted struc- 
tures given by Drinfel'd twists with different product-length are nonisomorphic. 

Definition 4.9. A Drinfel'd twist g A A on any Hopf algebra A is called 
compatible if T commutes with the coproduct Aq. 

In other words, twisting a Hopf algebra A with a compatible twist J- gives 
exactly the same Hopf structure, that is, Ajr — Aq. The set of compatible twists 
on A thus forms a group. 

Lemma 4.10. (^lOj) Let T e Ai^ A be a Drinfel'd twist on a Hopf algebra A. 
Then the twisted structure induced by T coincides with the structure on A if and 
only if T is a compatible twist. 

Using the same proof as in Theorem 4.1, we obtain 

Lemma 4.11. Let T .,Q ^ A® A be Drinfel'd twists on a Hopf algebra A with 
TQ — QJ- and T ^ Q . Then J-Q is a Drinfel'd twist. Furthermore, Q is a Drinfel'd 
twist on Ayr, T is a Drinfel'd twist on Ag and Ajrg = (Ajf)c; — (Acj)jr. 

Let A denote one of objects: t/(Sj)[[t]], Ut,q(S{n,l)) and Ut_g(S(n, 1)). 
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Proposition 4.12. Drinfel'd twists J^^(') := T{2,1)'^^ ■ ■ ■ J^{n,lY'^-^ (where 
C(*) — (Cij ' ' ' iCn-i) = (!)■■■ : I7O, • • -,0) G '^2^^) iecfi to n — 1 different twisted 

i 

Hopf algebra structures on A. 

Proof. For i — 1, 1) gives one twisted structure with a twisted coproduct 
different from tfie original one. For i — 2, using Lemma 4.11, we know that J- {3, 1) 
is a Drinfel'd twist and not a compatible twist on [/(Sj)[[t]]jr(2.i)- So the twist 
J- {2, 1)^(3, 1) gives new Hopf algebra structure with the coproduct different from 
the previous one twisted by jr(2,l). Using the same discussion, we obtain that 
the Drinfel'd twists T'^'-''^ for C(i) = (1, • • ■ , 1, 0, • • • , 0) G Z^"^ give n-1 different 

i 

twisted structures on t/(Sj)[[t]]. This leads to the corresponding result on A. □ 
5. Quantizations of horizontal type for S(n; 1_) and sUi 

In this section, we assume that n > 3. Take h :— dk — dk' and e := x'^''~'^"^dm 
(1 < fc / fc' 7^ m < n) and denote by ^(fc, k'; m) the corresponding Drinfel'd 
twist. These twists will lead to the quantizations in horizontal direction. So we 
call them the Drinfeld twists in horizontal (while those twists used in Sections 3, 
4 are in vertical). Using the horizontal Drinfeld twists and the same discussion in 
Sections 2, 3, we obtain some new quantizations of horizontal type for the universal 
enveloping algebra of the special algebra S(n; 1_). The twisted structures given by 
the twists !F{k,k';m) on subalgebra S(rt;l)o are the same as those on the special 
linear Lie algebra s[„ over a field K. with char(A^) — p derived by the Jordanian 
twists J- — exp(/i cr), a = ln(l — e) for some two-dimensional carrier subalgebra 
B{2) = Spa,ni^{h,e} discussed in [13] . |14j . etc. 

5.1. Quantizations of horizontal type of u(S(ri; 1)). From Lemma 2.2 and 
Theorem 2.4, we have 

Lemma 5.1. Fix two distinguished elements h := dk—dk', e :— x'^''~'^"^dm 
{1 < k ^ k' ^ m < n), the corresponding horizontal quantization of t/(Sj) over 
L'^(Sg )[[t]] by Drinfel'd twist T{k, k' \ m) with the product undeformed is given by 

00 

(53) A(a;"a) = a;"5 (g) (1-et)"''-"^' + ^ (-1)^ ® • 

£=0 

00 

(54) Six'^d) = -(l-ei)-("^-"'=') • x''+^^'>'-''-\Aid ~ Bidm) ■ /if^t^), 

£=0 

(55) eix^d) ^ 0, 

where a - 77 G Z'^, ?? = -1, = jr H {<^m-j), Bi = d{ek ~ ern)Ae-i, with a 

■ 3=0 

convention Aq = 1, A-i = 0. 

Note that Ai = for £ > am and Bg = for i > am + 1 in Lemma 5.1. 

Remark 5.2. According to the parametrization of the twists J-{k,k';m), we 
get n(n— l)(n— 2) basic Drinfel'd twists over U{S^) and consider the products of 
some basic Drinfel'd twists. Using the same argument as Section 4, one can get 



QUANTIZATIONS OF CARTAN TYPE S LIE ALGEBRAS 



27 



many more new Drinfel'd twists, which wiU lead to new complicated quantizations 
not only over the C^(S2)[[t]], but over the ut,g(S(n; 1)) as well. 

We firstly make the modulo p reduction for the quantizations of U{S'^) in 
Lemma 5.1 to yield the horizontal quantizations of U'(S(n; 1)) over Ut{S{n;l)). 

Theorem 5.3. Fix distinguished elements h = Dkk' (x^'^''^'^'''^), e = D„ik{x^'^'^'''') 
{1 < k k' m < n), the corresponding horizontal quantization ofU(S{n;l)) over 
?7t(S(n; 1)) with the product undeformed is given by 

p-1 

(56) A(Aj(a;("))) = (l-ei)«('=''=') + ^ ® (l-ei)"^ ■ 



p-1 

(57) 5(Ai(^^"^)) = -(l-ef)-"('=''=') ■^(^AeDij{x^"+^^"'-''^^^) 



+ Be{6ikDjm - 5,fcAm)(a;(«+('-^)(^'=-^'"»)) • hfk', 
(58) £(A,(a;("))) = 0, 

where < a < t, a{k,k') = ak-5ik-5jk-oik'+5ik'+5jk' , = ("'=+^) (modp) 
for < £ < am, = {"''^^^) (modp) for 1 < £ < am+i, and otherwise, 
Ae = Be = 0. 

Proof. Note that the elements J2i,a ^ai^aX°D, in for < a < r will 
be identified with J2i a o,i,aX^"^Di in S(n; 1) and those in Ji (given in Section 3.1) 
with 0. Hence, by Lemma 5.1, we get 

A(I,«(x.">)) = li(x"— -(a,a.-a.<i,,) 

p-1 

= Dij{x^"^) g) (l-et)°('=''=') + ^ (-1)^ /iW ^ (1-ei)"^- 

i=0 



a\ 



x''-'*-''+^^"'-''-\Ae{ajdi-aidj) - B^dmY 



e-i 



where Ai = Yl {am-Stm-Sjm-j), Bi = {ajdt-aidj){€k-em)Ae-i. 
■ j=0 



Write 



(*) = l^a;^-^^-^.+e(->^--^)(Ai{ajdi-aidj) - B^dm), 



(**) = A,Ai(x("+^(^'=-^-») + B,((5ifeAm-^.-fcA,n)(x(«+(^-i»^'=-^-»). 

We claim that (*) = (**). 

The proof will be given in the following steps: 

(i) For 5im + Sjm = 1, we have 



(*) = 



' ^":J' (^£+^£-i)A,(x("+^(^^-^"'))), forO<£<a^ 

0, for £ > am- 
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A simple calculation shows that ^^^^^^^{Ae+Ae-i) = (mod p), for 

0<e< dm- So, (*) = (**). 

(ii) For Sim + Sjm = 0, we consider three subcases: 

If Sik = 1, we have 

+" ^"^::r"'^'^"";iY'^^' -4,_ii?,^(x(«+(^-i)fa--))), for 0<£<ar^+l, 
[o, for e > am+1. 

A simple calculation indicates that for < ^ < a^+l, 

] ^^^^= f =^amodp), 



_ /afe+f-l\ 



Be (modp). 



So, (*) = (**). 

li Sjh = I, we have 



(*) = 



A^_iAm(x("+(^-i)(^'=-^-»), for 0<e<am+l, 



Cak+i-iy- (a^-(£-l))! 
"fc! am! 

^0, /or £>a„+l. 

A simple computation shows that 

^ r-- r^At =\ ]= Ae (mod p), forO<i< am, 

Q!fc! ami V « / 

Ae-i={ \=Be{modp), /or < £ < a„+l. 



So, (*) = (** 

Li, = 0. we have (*) = - 



If = 5,fc = 0, we have (*) = if^ii^ (2^A,Ai(x(«+^(^'=-^-))), and 



^ 7-^- T-^Ae=[ \ =Ai [mod p), for < I < am, 

Be = (mod p), for 0<£< a„+l. 

So, (*) = (**). 

Therefore, we verify the formula (56). 

Applying a similar argument to the antipode, we can get the formula (57). 
This completes the proof. □ 

To describe Ut.q{S{n;l)) explicitly, we still need an auxiliary Lemma. 

Lemma 5.4. Denote e ^ L>„fe(x(2^'=)), rfW = ]-,\&.def . Then 

(i) dW(Aj(a:^"^)) = ^^Aj(a;("+^(^'=-^'-») 

+ (,5ifc I?,„,-(5,fe Am) (a;("+(^-^)(^'= -^-^ ), 
where An^Bg, as in Theorem 5.3. 

(ii) rfW(A,(a;(^^+^^))) = 5e,oDij{x^'^+'^)) - 5x,e{5ik-5jk-8im+5jm)e. 

(iii) dW((A,(a;("'))f) = 5e,o{Dij{x^°'))Y - h,e{^ik-5jk-km+Sjm)5o.,u+e,e. 



QUANTIZATIONS OF CARTAN TYPE S LIE ALGEBRAS 



29 



Proof. We can get (i) from the proof of Theorem 5.3. 

(ii) Note that Aq = 1, Bq = 0. Using Theorem 5.3, for dim + Sjm = 1, we obtain 
Ai = 1 and Bi = 0; for Sim + 5jm = 0, we obtain Ai = Q and Bi — 1. We have 

= i?£ = for £ > 1. Therefore, in any case, we arrive at the result as desired. 

(iii) From (15), we obtain that for < a < r, 

{{D,^{x^'^))Y) = ^[e,(Ai(a;«)f ] = ^[e,(a;«— ^^•(a,-9,-a,a,)f ] 



Op 



-Up e, if a = ei + Cj 



[0, if ai^ei^tj 

where the last "=" by using the identification with respect to modulo the ideal J as 
before, and = J] (aj9i-ai9j)(eA;-e„i+m(a-ei-ej)), hi = idm{ot-ti-tj)ai-\, 

m— 

and Op = (5jfe-(5jA;-(5jTO+(5j>„, for a = + e^-. 

Consequently, by the definition of rf(^), we get rf(^)((a;(") A)^) = in u(S(n; 1)) 
for 2 < £ < p - 1 and < a < r. □ 

Based on Theorem 5.3 and Lemma 5.4, we arrive at 

Theorem 5.5. Fix distinguished elements h = Dkk'{x^^''^^'''^), e = Dmkix^^"''^) 
{1 < k ^ k' ^ m < n), there exists a noncommutative and noncocummtative Hopf 
algebra {of horizontal type) (ut_g(S(n; 1)), m, i, A, S, e) over IC[t\^^ with the product 
undeformed, whose coalgebra structure is given by 



(59) A(A,(a;^"^)) = Ai(a;^"^) ® (l-ei)"('=''=' 



J2 (-l)'/iW ® (l-et)-V^)(A,(x(")))t' 



=0 

p-i 



(60) 5(Ai(^^"^)) = -(l-ef)-"('=''=') ^d(^)(Aj(a:("')) ■ hfk\ 

(61) £(A,(ar("')) = 0, 

w/iere < a < t and a{k,k') = (Xk—6ik—Sjk — Oik'+Sn-'+Sjk' , which is finite 
dimensional with dim icut,q{S{n; 1)) =pi+("-i)(j' -i). 

Proof. Utilizing the same arguments as in the proofs of Theorems 3.5 & 
4.7, we shall show that the ideal It ^ is a Hopf ideal of the twisted Hopf algebra 
C/(,g(S(n; 1)) as in Theorem 5.3. To this end, it suffices to verify that A and S 
preserve the generators in It,q. 



30 HU AND WANG 

(I) By Lemmas 2.5, 5.3 & 5.4 (iii), we obtain 

OO 

(62) 

= ® 1 + ® (l-et)-^rfW((A,(a;("))F)i^ (mod p) 

= (A,(a;(")))P 1 + 1 (A,(ar("')r 

+ /l(g) (l-et)~^(^ife-(5jfc-(5jm+(5j>„)^a,e.+e^.et. 

Hence, when €i + Cj, we get 

A((A,(a;("))r) = {Dij{x^"^)f 01 + 1® (A,(a;(")))f 

e It,q C/t,g(S(n;l)) + C/t,g(S(n;l)) 0/t,g. 
When a = Ci + Cj, by Lemma 5.4 (ii), (56) becomes 

A{Dij{x^'*+'^^)) = Dij{x'^'*+'^^) 01 + 10 Dij{x^''+'^^) 
+ /i0 {l-et)~^{6ik-5jk-Sim+Sjm)et. 
Combining with (62), we obtain 

A{{D,j{x^'^^+'^^^)r - Dij{x^'*+''^)) = {{D,j{x^'^+'^^)r - Dij{x^'^+'^^)) 1 

+ 1 {{Dij{x^'^+'^^)Y - Dij{x^'*+'i^)) 
G It,q Ut,q{S{n; 1)) + f/t,g(S(n; 1)) It,q. 

Thereby, we prove that It^q is a coideal of the Hopf algebra Ut^q{S{n;l)). 

(II) By Lemmas 2.5, 5.3 & 5.4 (iii), we have 

oo 

S{{Dij{x^"^))P) = -(l-et)-P(«'=-«^') ^d(^'((Aj(a;^"'))^) • hfk^ 



^^^^ = -(Ai(a;(")))^ -J2d^'HiDijix^"^)r) ■ hfh' (mod p) 

t=i 

= -(Aj(a;^"^))^ + {5ik-5jk-5im+5jm)5a,ei+€ie ■ h[^h. 
Hence, when a ^ ti + ej, we get 

5((A,(x(")))^) = -(A,(x(")))*'eJt,,. 

When a = ei + ej, by Lemma 5.4 (ii), (57) reads as 

^(A, (x(^*+^^))) = -Ai(a;(^-+^^)) + {Sik-Sjk-Sim-Sjm)e ■ h['h. 
Combining with (63), we obtain 

5((A,(x(^'+'^)))^ - A,(x(^^+^^-))) = -((A,(x(^-+^^)))P - A,(x(^'+^'')) e It,q. 

Thereby, we show that It,q is preserved by the antipode S of Ut,q{S{n;l)) as in 
Theorem 5.3. 

(Ill) It is obvious to notice that £((Aj(a;^"^))^) = for all < a < r. 
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So, It^q is a Hopf ideal in Ut.q{S{n;l)). We get a finite-dimensioiial horizontal 
quantization on U(.q(S(n; ]_)). □ 

5.2. Jordanian modular quantizations of u(s[„). Let u(s[„) denote the 
restricted universal enveloping algebra of sin- Since Drinfeld twists !F{k,k'\m) 
of horizontal type closely act on the subalgebra C/((Sj)o)[[t]], consequently on 
Ut,g(S(n; l_)o), these induce the Jordanian quantizations on Ut ,j(s[„). 

By Lemma 5.4 (i), we have 

- SikDrnji^^'^^''') + '5jm<5ife-Dfcm(x(''=+''"^)) - 52,i5jm5ike. 

By Theorem 5.3, we have 

Theorem 5.6. Fix distinguished elements h = D^k'ix'^'^'''^'^'''^), e — -Dmfe(a;*-^''='') 
(1 < fc 7^ fc' 7^ m < n), the corresponding Jordanian quantization o/ u(S(n, l_)o) ^ 
u(s[„) over Ut ,j(S(n,l_)o) = Ut^g(s[„) with the product undeformed, whose coalgebra 
structure is given by 

(64) A(Aj(x(''+^^))) = D,,{x^'^+'^^) (g>l + l(g, 

(65) A(Aj(a;(^'^-^)) = ® {l~etY^''-^^^'^^'''+^^''' + 1 ® 

-h(g> il~et)-\Sj^D,kix^^'^^) - 6,kDraj{x'-^''^) + Sj^6,kDkmix<-'^+'"^^))t 

-SjmSikh'^'^'^ ® {l~et)-^et^, 

(66) S{D,j{x^'^+'^^)) = -D,,{x<-'^+'^^) + {5,k-5jk-S«n+Sjm)eh^t, 

(67) 5(Aj(a;('^^-))) = -(l-et)-(*^''-^"=-*.^'+*-fc') • [d,,{x^'''^^) + 

(,5,,„Afc(a:^^'^'=') - ^.feAnj(a:^''^-^) + 5Jm5^kDk,n{x^"'+''"'^))hlt - ,5,,„(5,fce/if 

(68) £(A,(a;(^-+^^-)))=e(A,(x(2^^-))) = 0. 
/or 1 < i 7^ J < n. 

Remark 5.7. Since S(n, l)o = s[„, which, via the identification (x'^'^'+'j^) 
with Eii — Ejj and Dy(a;'^'^3-') with for 1 < i 7^ j < n, we get a Jordanian 
quantization for bI„, which has been discussed by Kulish et al (cf. j l3j . [14j etc.). 

Corollary 5.8. Fix distinguished elements h = Ekk — Ek'k', e = Ekm (1 < 
k ^ k' ^ m < n), the corresponding Jordanian quantization of u(5[„) over Ut_g(s[„) 
with the product undeformed, whose coalgebra structure is given by 

(69) A{Eu - E,j) = {E,, ~Ejj)®\ + l® {Eu ~ E^,) 

+ {5ik-5jk-5im+5jm)h (g) (l-et)~^et, 

(70) A{Ej,) = Ej, ® {l-etY^''-^^''-^^>''+^^'^' + 1 ® E^, 

-h® {l-etr^{Sj,nEkt - 5ikEj^)t - 5j.^5,kh^'^^ ® {l-et)-^et^, 

(71) S{Eii - E^j) = -{Eli - Ejj) + {5ik-5jk—5im+5j„i)ehit, 
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(72) 



Eji + {SjmEki — 5ikEj„i)hit 



(73) 



e{Eu - E,j) ^ e{Ej,) ^ 0. 



for 1 < i j < n. 

Example 5.9. For n = 3, take /i = -En— £'22, e = i?i3, and set h' = E22-E33, 
f — (l—et)^^. By Corollary 5.8, we get a Jordanian quantization on Ut^qisl^) with 
the coproduct as follows (here we omit the antipode formulae which can be directly 
written down from (71) & (72)): 



A{h) 


= /l® 


I 


+ 1 «i ft., 




A{h') 


= h(E) 


I 


+ {h'-h) + 


h', 


A(e) 


= e ® 


r 


+ 1 «)e. 




A(£l2) 


= E12 


® 


f-^ + l®Ei2, 




A{E2i) 


= E21 


® 


f + {l + h)®E2l - 


'h®fE2ir\ 


A(£3l) 


= E31 


® 


/ + {\+h) ® E31 - 


h ® fEsif-' + 2(/-i-l)£3i ® f{f~l), 


A(£23) 


— E23 




f + l®E23, 




A(£32) 


— E32 




r^ + {i+h)®E32 


-h®fE32r\ 



where {/, h] satisfying the relations: [/i, /] = — /, — h, — 1 generates the 
(finite-dimensional) Radford Hopf subalgebra (with / as a group-like element) over 
a field of characteristic p. 



Authors are indebted to B. Enriquez and C. Kassel for their valuable comments 
on quantizations when N.H. visited IRMA as an invited professor of the ULP at 
Strasbourg from November to December of 2007. N.H. is grateful to Kassel for his 
kind invitation and extremely hospitality. 
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